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SUMMARY 


i  § 


Thio  report  presents  data  from  which  one  may  ottain  the  probability  that  a 
pulsed-type  radar  system  will  detect  a  given  target  at  any  range.  This  is  in  con¬ 
trast  to  the  usual  method  of  obtaining  radar  range  as  a  single  number,  which  can  be 
taken  mathematically  to  imply  that  the  probability  of  detection  is  zero  at  anv  range 
greater  than  this  number,  and  certainty  at  anv  range  less  than  this  number. 

Three  variables,  which  have  so  far  received  little  quantitative  attention  in  the 
subject  of  radar  range,  are  introduced  in  the  theory: 

1.  The  time  taken  to  detect  th»  target. 

2.  The  average  time  interval  between  false  alarms 
(false  indications  of  targets). 

3.  The  number  of  pulses  integrated. 

It  is  shown  briefly  how  the  results  for  pulsed-tvpe  systems  may  lie  applied  in  the 
case  of  continuous-wave  systems. 

Those  concerned  with  systems  analysis  problems  including  radar  Performance  mav 
profitably  use-this  work  as  one  link  in  a  chain  involving  several  probabilities,  For 
instance,  the  probability  that  a  given  aircraft  will  ho  detected  at  least  once  while 
flying  any  given  path  through  a  specified  model  radar  network  may  be  calculated  using 
the  data  presented  here  as  a  basis,  provided  that  additional  probability  data  on  such 
things  as  outage  time  etc.,  are  available. 

The  theory  developed  here  does  not  take  account  of  interference  such  as  clutter 
or  man-made  static,  but  assumes  only  random  noise  at  the  receiver  input.  Also,  an 
ideal  type  of  electronic  integrator  and  detector  are  assumed.  Thus  the  results  are 
the  best  that  can  be  obtained  under  ideai  conditions.  It  is  not  too  difficult,  how¬ 
ever,  to  make  reasonable  assumptions  which  will  pernut  application  ot  the  results  to 
the  currently  available  types  of  radar. 

The  first  part  of  this  report  is  a  restatement  of  known  radar  fumJamen ta is  and 
supplies  continuity  and  background  for  what,  follows. 

Ha'  malhematica  1  part  of  tiie  theory  is  not  contained  herein,  but  w'li  be  issued 
subsequently  as  a  separate  report . 
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SYMBOLS 


A -  effective  area  of  antenna  for  receiving. 

B  -  bcamwidth  of  antenna, 
c  ".velocity  oi  light. 

('■  r.  total  shunt  capacity  of  input  circuit. 

<S  "  factor  which  accounts  for  losses  in  transmission  lines,  i  H  e*i»ehes,  atmos¬ 
pheric  absorption,  etc. 
c  =  mis  noise  voltage. 

E  c  transmitted  energy  {ier  pulse. 

Bp  =  received  energy  per  pulse. 

/  =  pulse  repetition  frequency. 

fsc  -  scanning  frequency. 
tl  f  ■  baridwidt.li  for  noise  purposes. 
t  f‘  input  circuit  bandwidth. 

t±  f  -  combined  H  1  and  1  F  bandwidth  oi  cont  i  nuous-wave-sv.stem  receiver. 

Y  -  bandwidth  multiplying  factor  *  1  for  simple  L  C  circuit. 
y  .  =  number  of  pulses  received  during  detection  time. 

y  =  t.w 

t>  m  mutual  conductance  of  first  receiver  tube. 

c« 

U  «  pain  of  transmitting  antenna. 

h  ~  height  of  ratlar  antenna. 
r 

h(  -  target  height. 

I  ( modified  Bessel  function  of  the  first  kind, 
o 

k  -  Boltzmann’s  constant.  * 

A.  =  wave  length  of  transmitter.  . 

L  r  sweep  length  in  miles. 

n  -  t.  •  f  *7). 

faJr 

n'  *  n/A 

T)  “  number  of  pulse  intervals  per  sweep. 

r'  r  numlier  of  separate  velocity  channels  in  continuoua-wave-system  receiver. 

A’  -  number  of  pulses  integrated,  or,  in  cw  system,  the  number  of  independent  van 

ates  (of  length  1/  )  integrated. 

A '  r  number  of  pulses  per  scan.  • 

1C 

fJF  -  overall  noise  figure  of  the  receiver. 
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P,.  -  prol'al'i lity  that  .V  pulses  of  noise  will  exceed  a  piven  level. 

P  -  probaHlity  that  N  pulses  of  signal  plus  noise  will  exceed  the  Mas  level. 

P'  "  probability  tha*  at  least  one  proup  of  A  integrated  pulses  will  exceed  the  bias 

level  within  the  xlctection  time. 

P  "  aver ape  |>ower. 

P  transmitted  power. 

P  -  mihimuin  detectable  power  at  receiver, 
min  r 

p  -  effective  input  noise  power  to  receiver. 

r  -  resistance. 

ft  =  radar  ranpe. 

li  =  maximum  radar  ranpe. 

l\  =  idealized  radar  ranpe. 

Iif  ~  equivalent  noise  resistance  ol  first  receiver  stape. 

I i’j  r  tot ;•  i  shunt  resistance  of  first  receiver  input  circuit. 

A  -  ranpe  interval  for  i  t.teprat  i  on  with  j  movinp  tarpet. 

cr  =  scatterinp  cross-sect iona 1  area  ol  tarpet. 

rp  ~  pulse  lenpth . 

r.  -  lulse  alarm  interval. 

fa 

Tj  =  detection  time. 

t.  "  muximum  intepration  time  for  movittp-  tarpet. 

T  -  aLsolute  temperature. 

T  T  absolute  temperature  of  space  radiation  recti  ved  by  antenna. 

Tp  =  absolute  temperature  of  roan. 

a  =  velocity  ol  the  target. 

v  =  velocity  ol  Crave Hup  pate. 

<t 

V  •'  visai.ilily  factor  of  receiver. 

u:  ~  anpular  velocity  of  antenna. 

x  *  received  sipnal  pulse  enerpy  in  units  of  k  Tp  /Vf. 

y  "  noise  level  in  units  of  the  rns  value  of  noise  —  the  bias  level. 


A  STATISTICAL  THEORY  OF  TARGET  DETECTION 

BY  PULSED  RADAR 


PART  I  -  INTRODUCTION 


THE  USUAL  RADAR  RANGE  EQUATION 


Most  radar  engineers  are  now  well  acquainted  with  the  foil  mint’  equation  used 
to  determine  the  maximum  range  of  a  pulsed  loriar  system: 


if 


max 


(.A  .*  * 

t _ 

10  n~ 


(1) 


-  peak  transmitted  po.  sr  in  watts. 

-minimum  jieak  .detectable  signal  in  watts. 

=  scattering  c  -oss  section  of  target  in  units  consistent  with  range. 

=  gain  of  transmitting  antenna. 

= effective  area  of  antenna  lor  receiving*  in  units  consistent  with 
range  (usually  about  2/3  of  the  physical  aperture,  -  G\a/4 r). 
a  dimensionless  loss  factor  which  accounts  for  atmospheric  absorption, 
losses  in  antenna  and  t ransii.iss i on  lines,  etc. 

Tlie  number  of  pitfalls  that  nov  le  encountered  in  t  he  use  <>1  t  lie  above  equation 
ore  almost  without  limit,  arid  many  of  these  difficulties  have  leen  recognized  in  the 
pas t •  <lB> .  Three  of  the  most  troublesome  are: 

1.  The  Scattering  Cross  Section 

In  the  case  of  moving*  targets,  the  wide  variation  of  this  quantity  with  as¬ 
pect,  and  hence  with  lime,  is  a  matter  of  vital  concern.  The  variation  of 
cross  section  as  a  function  of  frequency  may  also  he  critical. 

2.  The  Minimum  Detectable  Signal,  P 

The  statistical  nature  of  the  noise  with  which  P  .  must  compete  makes  this 

o>  i  n 

an  ill -defined  quantity. 


where 
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3.  The  Maximum  Ranee,  R 

°  '  &  a  x 

The  statistical  nature,  of  P  .  in  turn  makes  ^  a  statistical  quantity. 

nt  in  max 

There  are.  also  lesser  troubles,  such  as  the  dependence  of  S,  the  loss  constant, 
on  the  range,  and  the  contribution  of  reflections  from  the  ground,  sea,  or  other  ob¬ 
jects  to  the  incident  and  received  powers.  (One  must,  also  remember  that,  a  target 
cannot  ordinarily  be  detected  at  ranges  (in  miles)  much  greater  thanV^TT  +V2ht, 
where  h  is  the  height  of  the  radar  »ntenna  and  h(  the  height  of  the  target  in  feet, 
except  in  the  case  of  superrefraction,  or  "ducts."  See  pp.  55-58,  Ref.  OR).  This  is 
the  familiar  "line  of  sight”  limitation  due  to  the  earth's  curvature. 


THE  SCATTERING  CROSS  SECTION  OF  THE  TARGET 


for  a  stationary  radar  observing  a  stationary  target,  the  scattering  cross  sec¬ 
tion  is  a  constant.  Although  it  may  not  be  calculated  for  any  hut  the  most  simple 
target  shapes,  it  is  not  too  difficult  to  measure.  On  the  other  hand,  if  either  tlie 
radar  or  the  target  is  in  motion,  the.  cross  section  becomes  a  function  of  time  caus¬ 
ing  the  return  signal  strength  to  fluctuate.  In  general,  the  plot,  of  cross  section 
as  a  function  of  angle  for  a  complex  target  such  as  an  aircraft  shows  two  interest¬ 
ing  features.  There  is  a  nearly  cant ‘  uous  rapid  fluctuation  hnvine  an  angular  pe¬ 
riod  in  the  neighborhood  of  a  degree  or  so  (for  K  in  the  microwave  region),  and  a 
slow  variation  with  a  period  in  the  order  of  20°  or  more.  Both  of  these  variations 
may  be  as  great  as  30  db.  The  question  at  once  arises:  In  lieu  of  using  the  com¬ 
plete  polar  diagram  of  cross  section  vs.  angle,  what  kind  of  average  figure  can  be 
used,  and  under  what  conditions?  The  answer  to  this  question  involves  such  things 
as  angular  rates  of  the  aircraft  with  respect  to  the  radar,  correlation  times,  rep¬ 
etition  rate  of  the  radar,  and  number  of  pulses  integrated.  It  is  almost,  obvious 
that  the  only  general  way  to  treat  this  complex  problem  is  to  consider  the  cross  sec¬ 
tion  as  a  statistical  variable.  This  approach  seems  mathematically  feasible.  However, 
in  the  present  report  the  cross  section  will  be  considered  to  be  a  constant.  An  at¬ 
tempt  to  justify  this  assumption  is  the  following:  The  rapidly  fluctuating  corre¬ 
lation  angle  at  half-power  points  is  perhaps  0.1”.  The  normal  variation  in  attitude 
angle  of  an  aircraft  may  be  about  30  '  per  second.  (This  variation  may  be  caused  by 
small  rapid  changes  in  pitch  or  roll  due  to  normal  turbulence  of  the  air  as  well  as 
by  systematic  changes  in  position.)  ^hus,  the  corresponding  correlation  time  for  u 
is  around  1/300  srrond.  If  the  observation  time  is  essentially  greater  than  this 
period',  it  may  be  assumed,  ias  a  first  approximation,  that  the  rapid  fluctuations  in 
the  cross  section  "average  out." 

The  slow  variations  (period  around  20”)  may  or  nay  not  average  out.  However,  if 
the  average  over  oil  likely  attitudes  is  used  for  ortobemore  exact,  if  a  weighted 
average  is  taker:  fort;  according  to  the  probability  for  any  attitude,  then  the  prob¬ 
ability  of  detection  may  not  be  changed  very  much.  Henceforth,  in  this  report  s 
will  be  assumed  to  be  a  constant.,  on  the  basis  of  the  above  statements.  It  may  be 
mentioned  in  passing  that  ,r  loses  its  meaning  if  the  target  is  not  uniformly  illum¬ 
inated.  Such  can  be  the  case,  for  example,  if  waves  reaching  the  target  via  two  or 
more  paths  combine  Ip  produce  an  interference  pattern  at  the  target.  This  effect 
exists  in  the  detection  of  ..nips  by  surface  radar. 


THE  MINIMUM  DETECTABLE  SIGNAL 


As  is  well  known,  the  minimum  untenable  signal  power  inaradar  receiver 

is  fundamentally  limited  by  three  main  factors;  i.e.,  Johnson  noise  in  circuit  ele¬ 
ments  of  the  input  circuits,  shot  effect  and  other  noise  in  the  first,  tube  (and  to 
some  small  extent  succeeding  tubes),  and  cosmic  noise  picked  up  by  the  antenna.  There 
may  also  be  man-made  interference  such  as  engine  noise,  radia’tions  from  other  radars 
and  radio  transmi t  te  1 et c  Clut  ter  caused  by  sea  return,  rain,  clouds,  land  masses, 
etc.,  may  reduce  the  minimum  detectable  signal  by  a  considerable  amount.  The  effects 
of  clutter  and  man-made  interference  are  complete  subjects  in  themselves,  * 1  and 
will  not  be  treated  further  in  this  paper.  A  study  will  be  made  here  of  radar  range 
in  the  absence  of  such  interference.  It.  is  not  too  optimistic  to  suppose  that  cir¬ 
cuits  will  eventually  be  designed  which  will  largely  eliminate  man-made  interference, 
and  most  types  of  clutter. 

Tlie  mean  squared  noise  voltage  across  a  resistor  of  resistance  r  is  given  by 

ea  4b Tr  A  /  (2) 


whe  re 

k  c  Hoi  tzniann ' s  constant  -  1.3flx10““3  joules/^degree 

T  =  absolute  temperature  of  the  resistor 

A.f  ~  the  frequency  interval  under  consideration. 

Though  the  noise  at  the  input  circuit  of  a  receiver  is  usually  several  times  this 
value,  it  provides  a  convenient  scale  for  n-easuririg  the  input  noise.  'Ihe  effective 
input  noise  power  is  defined  to  be 


p  kTh  Af  M:  (3) 

where  NF  is  the  so-caiied  noise  figure  of  the  receiver,  and  T  is  the  absolute  room 
temperature.*  If  a  signal  power  of  the  same  value  as  p  were  incident  on  the  antenna 
and  the  receiver  were  noiseless,  then  the  output,  would  be  the  same  as  in  the  case 
when  noise  only  was  present. 


At  this  point,  one  important  result  concerning  the  noise  figure  due  to  Herold|!> 
is  pertinent: 


M 


2nhf'K  C 

’  eq 


f(R.) 


(4) 


0?i 


where 

T  ci  absolute  temperature  of  space  radiation  received  hy  the  antenna. 
Tft  3  room  temperature. 


Complete  discussions  and  derivations  will  be  found  tn  th<>  Mathematu<  a  1  Appendix  (h  separate 
report ) .  * ^  * 
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A /'  e  bandwidth  of  input  circuit. 

('.  total  shunt  capacity  of  input  circuit. 

II  =  equivalent  noise  resistance  at  input  (due  main ly  to  shot  noise  in 
first  tube)  K.  2.5/p  for  triodes. 

m  _  .  .  ,  _ 

F  =  a  factor  depending  on  the  exact  type  of  input  circuit  coupling  \ ~  I 

for  simple  tuned  circuit). 

«  input  shunt  resistance  including  effect  cf  finite  input  resistance 
of  tube. 

f(R^)  =  a  function  of  Rt,  ,  C  and  A/'. 

This  formula  assumes  a  more  or  less  conventional  type  of  input  tubes,  such  as  the 
V  II  F  triodes  and  pentodes.  However,  it  seems  reasonable  to  believe  that  the  gen¬ 
eral  conclusions  which  are  reached  from  Eq.(4)  will  apply  to  velocity-modulated  input 
tubes  os  well. 


The  n.ain  points  to  be  noted  about  Eq.(4)  are  these: 

1.  f(Rt)  approaches  zero  as  /?(  approaches  infinity.  R^  may  be  increased  by  bet¬ 

ter  tube  design. 

2 .  (1/g^  should  be  made  as  small  as  possible  in  a  tube  used  as  the  first  amplifier. 

3.  Long  pulses  tend  to  allow  smaller  bandwidths  for  the  input  circuit,  and  hence 

lower  noise  figures. 

4.  If  fl  Ctf  is  made  small  enough,  and  D,  large  enough,  the  noise  figure  will 

approach  T  /TR. 


Point  4  is  of  the  greatest  importance.  It  sets  a  limit  or  the  noise  figure  when  there 
arc  no  sources  of  noise  in  the  receiver  itself.  Though  such  a  receiver  will  never  be 
built  in  practice,  it  may  be  possible  seme  day  to  approach  closely  this  ideal  state. 
Then  the  input  noise  will  be  almost  entirely  dependent  on  the  temperature  of  space;* 
or,  in  other  words,  on  the  noise  received  by  the  antenna  from  without  the  radar  set. 
That  this  state  of  affairs  is  not  yet  at  hand  is  evidenced  by  the  fact  that  at  present 
the  noise  figure  for  microwave  receivers  is  around  10,  and  for  longer-wave  receivers 
perhaps  as  low  as  3  or  4. 


The  concept,  often  stated,  that  the  ideal  noise  figure  of  a  receiver  is  1.0  is 
erroneous.**  This  would  be  true  only  if  the  temperature  of  space  were  the  same  a a 
room  temperature.  Actually  the  temperature  of  space  decreases  rapidly  with  decreas¬ 
ing  wave  length. 


*  Though  the  noise  .figure  can  he  decreased  by  increasing  T thin  would  increase  the  octunl 
input  noioe,  as  is  apparent  from  Eq.  (3). 

■>*  The  noise  figure  of  a  receiver  may  be  defined  in  such  a  way  that  the  antenna  muat  be  re- 
nlaced  by  a  resistor  at  room  temperature  equal  to  the  radiation  resistance  of  the  antenna. 
]n  this  case  the  ideal  noise  figure  of  the  receiver  would  he  1.0. 
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llio  average  space  temperature4  is  n r c-iiiui  room  temperature  at  180  megacycles  nntl 
drops  to  around  30°  absolute  at,  450  mepacye] es.  No  good  measurements  are  avail¬ 
able  in  the  microwave  region,  but  there  is  reason  to  believe  that  values  of  10°  or 
lower  may  be  found.  If  this  proves  to  be.  true,  then  it  is  conceivable  that  the  noise 
figure  of  future  microwave  receivers  may  be  improved  by  a  factor  of  100,  which  would 
mean  that  the  range  of  radar  sets  could  be  more  than  tripled  as  a  consequence  of  this 
one  factor.  It  is  certainly  a  field  where  research  should  be  pushed  to  the  utmost,. 

It  has  often  been  the  practice  to  calculate  the  maximum  range  of  a  radar  set 
from  (1)  by  assuming  that  #*  .  ~  kT^ A/  W,  or  that  the  minimum  detectable  signal  power 
is  just  equal  to  the  average  noise  power. 


This  gives 
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Now  the  energy  per  pulse  is  represented  by 


E 

P 


where  is  the  pulse  length. 


Making  this  substitution  in  (5)  gives 
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It  is  usually  said  that  if  t^A/  is  made  equal  to  1,  the  amplitude  of  the  pulse  after 
passing  through  the  amplifier  will  not  differ  much  from  the  amplitude  which  would  re¬ 
sult  if  the  pulse  were  infinitely  long,  Without  further  ado,  7  A /  is  put  equal  to 
1,  and.  the  resultant  equation 
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(8) 


emerges  as  the  radar  range,  equation.  Novi  the  unfortunate  fact  (in  some  respects)  is 
that  the  range  of  a  radar  set  calculated  by  means  of  this  formula  often  turns  out.  to 
be  rather  close  to  the  experimental  range.  Naturally,  under  these  circumstances  great 
effort  has  not  been  expended  in  investigating  the  validity  of  radar-range  equations. 


§■. 


w  There  is  a  variation  of  the  space  temperature  with  direction’1*^.  %hen  the  antenna  points 
near  the  horizon,  the  temperature  may  he  higher  than  when  it  is  pointed  at  the  zenith.  In 
particular,  if  any  appreciable  part  of  the  radiation  strikes  the  ground,  the  thermal  radi¬ 
ation  received  from  those  directions  will  have  a  temperature  nearly  equal  to  the  actual 
temperature  of  the  surrounds nfcs . 


( 


The  reasons  for  the  agreement  of  equation  (8)  with  experiment  are  many.  First 
of  all,  the  cross  section  has  been,  in  most  cases,  determined  by  observing  the  max¬ 
imum  range  of  a  particular  target  and  solving  equation  (8)  for  cr.  This  one  fact 
alone  accounts  in  no  small  way  for  the  agreement.  Secondly,  the  fourth  power  law 
makes  fl  rather  insensitive  to  changes  in  the  various  parameters  concerned  in  equa¬ 
tion  (81.  A  much  fairer  test,  is  tc  compare  respective  values  of  R*ax  rather  than 

^max ' 


Equation  (8)  is  in  no  sense  perfect  with  regard  to  its  agreement  with  experiment. 
Errors  of  as  much  as  ±  30%  are  common,  and  factors  of  2  can  often  be  found.  However, 
considering  all  the  unknown  factors  present  in  an  experimental  determination  of  max¬ 
imum  range  with  an  operational  radar  set,  this  agreement  is .considered  to  be  quite 
good. 


In  any  field  of  science,  theoretical  equations  are  deduced  to  explain  observed 
data.  However,  one  is  very  cautious  in  using  these  equations  to  predicL  results  for 
other  experiments  where  the  values  of  many  of  the  variables  differ  greatly  from  those 
used  in  the  particular  experiments  already  performed.  Most  of  the  radar  sets  built 
to  date  have  operated  within  essentially  narrow  limits  as  far  as  some  of  the  para¬ 
meters  are  concerned.  Particular  examples  are  pulse  repetition  frequency,  and,  most 
important,  the  number  of  pulses  integrated.  This  latter  quantity  is  not  even  men¬ 
tioned  in  equation  (8);  but,  as  will  be  seen  in  the  next  section,  it  is  of  vi’tul  im¬ 
portance. 

The  task  is  now  two-fold: 

1.  To  make  a  satisfactory  statistical  definition  of  the  range  of  a  radar  system. 

2.  To  determine  the  dependence  of  this  quantity  on  the  parameters  of  a  (pulsed) 

radar  system. 


fi 
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PART  II 

THE  STATISTICAL  PROBLEM  OF  THE  MINIMUM  DETECTABLE  SIGNAL 
,  AND  THE  MAXIMUM  RANGE 


GENERAL  BACKGROUND 

It  has  been  realized  by  many  workers  in  the  field*1  that  the  range  of  a  radar  set 
is  a  statistical  variable  and  must  be  stated  in  terms  of  probabilities  rather  than  in 
the  exact  terms  of  an  equation  such  as  (6).  However,  the  evolution  of  a  practical 
working  theory  does  not  seem  to  have  been  accomplished  so  far.  The  following  work  is 
a  first  step  in  that  direction. 


Before  beginning  the  explanation  of  equations  and  derivations,  it  will  be  well 
to  glance  at  some  of  the  new  ideas  which  will  be  included. 

The  random  noise,  which  limits  the  range,  can  at  intervals  assume  large  values 
due  to  its  statistical  nature.  This  means  that  there  will  inevitably  be  times  when  a 
random  fluctuation  of  the  noise  will  be  mistaken  for  a  signal.  The  average  interval 
at  which  such  undesirable  events  take  place  will  be  c-.iled  the  false  alarm  time,  and 
it  will  be  found  that  the  probability  of  detecting  a  target  will  be  a  function  of 
this  time.  Let  the  reader  at  once  be  cautioned  against  thinking,  "If  it  were  a  noise 
flash,  I  can  easily  tell  by  looking  a  little  later.  If  it  were  a  signal,  it  will 
still  be  there;  if  it  were  noise,  it  will  be  gone.” 

The  second  new  parameter  which  will  be  introduced  is  the  detection  time.  It  is 
apparent  that  if  an  observer  can  spend  sufficient  time  in  deciding  whether  or  not  a 
target  is  present  on  an  oscilloscope  screen,  the  probability  of  a  correct  decision 
being  reached  will  be  increased.  It  is  also  obvious  that  in  any  practical  situation 
in  which  radar  is  used  one  cannot  take  unlimited  time  to  decide  whether  or  not  a  tar¬ 
get  is  present.  To  put  things  on  a  quantitative  basis,  the  time  in  which  a  decision 
shall  be  rendered  must  be  specified.  In  this  event,  there  will  not  always  be  time 
for  the  "second  look"  just  mentioned;  but  should  tine  permit,  then  the  probability  of 
detecting  a  target  will  be  increased  at  the  expense  of  a  longer  detection  time.  Even 
so,  there  will  still  be  a  certain  lesser  probability  that  the  noise  flashes  will  oc¬ 
cur  on  both  occasions.  Further,  it.  will  be  found  that  the  velocity  of  a  moving  tar¬ 
get  has  an  appreciable  effect  on  the  detection  probability,  due  to  the  fact  that  the 
signal  frail  such  a  target  does  not  "remain  stationary"  (see  page  )f>). 


♦  Foe  an  excellent  qualitative  statement  of  the  problem,  see  iWiation  Laboratory  Srries  No.l 
PP. 33-47,  Ref. (18). 


PRELIMINARY  STEPS 


It.  is  desirable  to  present,  data  in  the  most  compact  form,  and  the  first  step  in 
this  direction  is  the  elimination  of  the  necessity  for  the  appearance  of  such  para¬ 
meters  as  E  ,  (i,  A  ,  cr,  o,  and  NF  in  the  final  results.  To  this  end,  a  parameter  Hfl 
is  defined  which  is  {riven  Ly  a  slight,  modification  of  Kq.  (7),  as  follows: 
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Here,  the  factor  1/r  A/  has  been  replaced  by  1,  the  so-called  visibility  factor.* 
This  factor  will  always  he  less  than  1  but  usually  not  less  than  0.8,  except  when  the 
Doppler  effect  is  very  large.  /<0  will  he  called  the  "idealized  range"  foi  lack  of  a 
better  term. 


Now  let  the  received  energy  per  pulse  at  any  range  ft  be 
from  the  equations  (9)  that 
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Then  it  is  clear 


(10) 


mill  delining 


(I ten  from  (10) 
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*  The  derivation  of  exart  formulas  and  numerous  curves  oJ  visibility  factors  as  a  function  of 
pulse  width,  bandwidth,  type  of  amplifier,  and  off-resonance  of  carrier  frequency  '"ill  bo 
found  in  the  Mathemat-i  oq  l  Appeuilix  (u  separate  repor  t)  )  ,  The  visibility  factor  is  actu¬ 

ally  gi  ven  by 


the 


maximum  voltage  to  which  the  pulse  rises  at  the  receiver  output,  and  E 


/  E  \  3 

in  the  steady  state  voltage  at  the  same  point.  Ihe  quantity  I  J  should  be  contained 

in  (7)  and  (B)  but  is  usually  unit ted  because  it  is  so  near  to  unity  when  ”1.  In  the 
case  where  the  bandpass  characteristic  of  the  amplifier  is  the  conjugate  transform  of  the 
pulse,  the  visibility  fu<  or  is  exactly  unit*/'  . 
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where  x  is  now  the  signal  pulse  energy  ill  units  of  the  everape  receiver  noise  pulse 
energy.  As  an  example,  suppose  x=4,  which  means  that  the  signal  power  equals  four 
times  the  average  noise  power.  Suppose  the  pint'' hi  1  i t.y  is  calculated  10  he  0.5  that 
in  this  case  the  signal  will  be  detectable.  Ihere  is  Lhen  a  point  P~0.5  at  1  l=0.i/?(|. 
When  a  series  of  such  points  arc  calculated  for  various  values  of  x ,  a  curve  tor  P  as 
a  function  of  fl,7i  mav  he  drawn,  assuming  fixed  false  alarm  time,  etc. 


INTEGRATION  OF  PULSES 

i 

Before  proceeding  further,  the  meaning  of  pulse  integration  must  be  defined  in 
detail.  In  its  simplest  form,  it  merely  consists  of  adding  )V  successive  sipnal  pulses 
together  and  attempting  tc  detect  the  sum  rather  than  an  individual  pulse.  Now,  what¬ 
ever  the  integrating  device  may  he,  it  will  not  know  in  advance  whether  there  is  a 
signal  or  not,  and  hence  in  the  absence  of  a  signal  it  wi  LI  add  up  A  successive  noise 
pulses.  Hierefore,  the  comparison  is  between  N  signal  plus  noise  pulses  and  A  noise 
pulses  as  contrasted  to  a  single  signal  pulse  to  a  single  noise  pulse.  One  might.  I* 
tempted  to  say  that  the  signal  to  noise  ratio  would  be  unchanged,  and  that  integra¬ 
tion,  or  addition,  of  pulses  therefore  offered  no  advantage.  This  argument  neglects 
the  fact  that  the  noise  voltage  fluctuates  about  its  average  value.  The  mean  or  aver¬ 
age  value  of  the  noise  voltage  is  not  of  too  much  concern,  for  it  can  always  be  "bi¬ 
ased  out."'  If  we  add  A  signal  pulses  of  voltage  V,  the  total  signal  voltage  is  NV. 
1  f  we  add  A  noise  pulses  of  average  voltage  V^,  the  average  sum  will  be  AIL.  How¬ 
ever,  the  average  sum  can  be  balanced  out.  The  question  is,  whether  or  not  the  fluc¬ 
tuation  in  the  sum  voltage  is  now  A  times  the  fluctuation  voltage  of  single  pulse. 
If  the  answer  were  yes,  then  integration  would  be  futile.  However,  due  to  the  random 
nature  of  the  fluctuation  of  any  single  pulse,  the  fluctuation  voltage  of  the  .sum  is 
only  about  VTV  times  the  fluctuation  voltage  of  a  siogLe  pulse.  It  is  the  signal  to 
noise- fluctuation**  ratio,  not  the  signal  io  average  noise  ratio  that  is  of  [air amount 
importance.  Hie  greater  the  number  of  pulses  integrated,  the  greater  is  the  signal 
to  fluctuation  ratio,  and  the  greater  is  the  probability  of  detecting  the  signal,  hut 
at  the  expense  of  longer  detection  times. 


DEFINITION  OF  DETECTION  AND  THE  BIAS  LEVEL 

Before  the  false  nlarm  time  can  he  calculated,  a  definition  of  "do  .ctimi  <>i  n 
signal"  must  be  given.  I.feieri  ion  of  a  signal  is  said  to  occur  whenever  the  output 
of  the  receiver  exceeds  a  certain  predetermined  value  hereafter  called  the  bias  level. 
In  the  absence  of  any  signal,  this  bias  level  will  on  occasion  he  exceeded  by  the 
noise  alone.  Die  higher  the  bias  level  is  set,  rhe  more  infrequently  t  his  happens. 
The  first  problem  is  to  calculate  the  required  bias  level,  given  the  false  al  aim  time. 
Knowing  this  bias  level,  the  rest,  of  the  problem  is  to  calculate  the  probability  that 
any  given  value  of  signal  (plus  noise)  will  exceed  this  level. 


s  Practically,  the  bias  level  should  not  he  too  large,  or  the  fluctuations  in  the  h  i  as  uil! 
become  of  concern.  Sea  page  11  where  a  method  of  reducing  the  necessary  bias  level  by  a 
considerable  factor  is  discussed. 

•*  IV  mathematics l  term  for  the  fluctuation  is  the  "standard  deviation,"  usually  denoted  by 
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IKis  is  well  and  good,  one  says,  hut  is  this  the  best  means  of  detection?  What 

about  the  operator  watching  a  cathode  lay  tube  -  what  are  his  criteria  for  calling 

signal".'  Of  course,  it  is  impossible  to  say  exactly,  as  is  evidenced  by  the  wide 

variation  among  radar  operators.  One  can  see,  though,  how  an  operator  is  affected 

by  the  false  alarm  time.  If  he  is  told  that  he  will  be  subject  t->  severe  penalties 
if  he  calls  a  false  alarm  (calls  a  signal  when  it  subsequently  turns  out  that  there 
was  none),  then  he  will  be  very  cautious.  If  a  doubtful  pip  appears  on  the  screen, 
he  will  use  discretion  and  say  nothing.  Ihis  means  that  utder  these  conditions  the 
false  alarm  time  is  increased,  and  at  the  same  time  the  probability  of  detecting  a 
target  at  a  given  range  is  decreased. 


The  operator  mey  use  the  shape  of  a  signal  pulse  contrasted  to  that  of  the  noise 
as  a  criteria  for  detection  as  well  as  amplitude  differences.  This  is  thought,  to  be 
a  second  order  effect.  The  operator,  on  the  other  hand,  is  limited  to  some  extent 
by  the  minimum  brightness  ratio  which  the  eye  can  detect. 

It  seems  that  the  method  of  electronic  detection  proposed  above  will  be  practi¬ 
cally  as  good  as  any  other  possible  method,  electronic,  human,  or  otherwise,  if 
identical  false  alarm  times  and  detection  times  are  assumed,  "lhis  statement  is  cer¬ 
tainly  not  to  he  considered  obvious.  It  should  he  possible  to  make  sene  experiments 
to  verify  this  theory. 


METHODS  OF  PULSE  INTEGRATION 


As  stated  before,  to  integrate  pulses  it  is  merely  necessary  to  add  them  to¬ 
gether.  There  are  many  different  practical  ways  in  which  this  is  done.  One  of  the 
simplest,  is  the  use  of  a  cathode  ray  tube  screen (9*  .  Due  to  t.lie  screen  persistence 
time,  a  certain  number  of  pulses  will  be  effectively  integrated.  In  this  case  it 
will  not  be  a  simple  addition,  being  more  in  the.  nature  of  a  weighted  average.  The 
effect  of  weighting  is  always  bad.  In  other  words,  the  effect  of  equal  samples  in 
the  integrated  result  should  be  as  nearly  the  same  as  possible.  P  P  I  type  of  pre¬ 
sentations  which  use  intensity  modulated  displays  usually  have  much  longer  integra¬ 
tion  times  than  an  ,4  scope. 

One  must  not  overlook  the  human  operator,*  who  goes  along  with  the  cathode  ray 
tube,  as  a  vital  part  of  the  detection  mechanism.  The  combination  of  the  eye  and  the 
brain  makes  avery  pood  integrator.  In  fact,  the  maximum  integration  time  for  a  skil¬ 
led  operator  may  easily  be  several  seconds.  The  best  electronic  integrators  (or  pulsed 
radar  hui I L  to  date  will  not  better  this  figure  to  any  great  extent.  Henceforth,  a 
model  electronic  integrator  which  linearly  adds  A'  pulses  will  be  assumed. 


*  lliere  are  a  ierge  number  of  factors  involving  observer!!  and  osci  1  lose open  which  are  quite 
con^i  1  icated  and  are  more  or  less  outside  the  intended  scope  of  this  report.  I-awson  and  his 
group  have  done  a  great  deal  of  work  on  this  subject,  the  results  of  which  will  appear  in 
Qiap.Vf II  of  Ref.  (19),  Most  of  these  experimental  results  are  also  available  in  Ref. (24). 
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Now,  pulses  can  be  integrated  in  the  R  F  stages,  in  the  ’I  F  stages,  or  in  the 
video  stages  (t  a'  •  <l4>«  (**>.  <»»).  Fulhermore,  there  can  be  one  or  more  linear  or  square 
lav/  detectors  present*,  and  the  integration  can  be  done  in  one  or  more  steps  and  in  at 
least  two  different  ways.  Many  of  these  possibilities  are  reserved  for  detailed  treat¬ 
ment  in  a  separate  mathematical  report *2?' .  , 

Fortunately,  the  results  for  the  various  oases  shew  little,  difference,  with  uue 
marked  exception.  R  F  and  I  F  integration  are  better  than  video  integration  for 
small  signals  (compared  to  the  noise).  However,  there  is  no  practical  way  known  at 
present  to  take  full'  advantage  of  R  F  or  I  F  integration  with  moving  targets  be¬ 
cause  of  the  requirement  that  the  successive  received  pulses  must  be  completely  co¬ 
herent  ***',  Coherent  integration  would  be  possible  in  the  case  in  which  both 
the  radar  and  the  target  were  stationary,  but  this  ease  is  not  of  much  practical  value. 
The  difference  between  various  types  of  both  detectors  and  video  integrating  circuits** 
is  snail,  as  far  as  results  of  this  kind  of  study  are  concerned.  Ibere  are,  of  course 
many  reasons  why  a  choice  is  made  in  practice,  such  as  sensitivity  to  small  changes 
in  amplifier  gains,  vulnerability  to  countermeasures,  etc. 

It  is  worth  describing  one  scheme  for  integrating  in  which  a  pulse  known  to  be 
only  noise  is  subtracted  from  each  possible  signal  plus  noise  pulse.  /V  of  these  com¬ 
posite  pulses  are  then  integrated.  With  no  signal,  the  average  value  of  any  number 
of  such  composite  pulses  is  nearly  zero,  so  that  the  required  bias  level  is  consid¬ 
erably  reduced.  Such  a  method  is  much  less  sensitive  to  a  small  change  in  bias  level, 
and  would  usually  be  preferred  in  practice.  This  case  is  much  more  difficult  to 
calculate  than  the  straight  addition  case;  and  since  sample  calculations  show  the 
results  to  be  nearly  identical,  the  latter  method  has  been  used  to  obtain  the  curves 
of  Figures  1  thru  5t). 

Figures  51  and  52  show  the  difference  in  sensitivity  to  bias  level  for  this 
method.  Figures  53  and  54  show  the  comparison  of  straight  integration  to  the  case 
in  which  a  noise  pulse  is  subtracted  from  each  signal -pi us- noise  pulse. 

Practical  typos  of  electronic  pulse  integrators  often  take  the  form  of  very  nar¬ 
row  band  audio  filters  having  their  center  frequency  at  the  pulse  repetition  fre¬ 
quency*21'  or  some  harmonic  thereof.  The  action  of  such  a  filter  can  be  understood 
roughly  by  consideration  of  the  frequency  spectrum  of  a  finite  group  of  N  pulses.  The 


*  It  is  assumed  throughout  this  report  that  the  video  bandwidth  is  large  compared  with  the  I  F 
bandwidth.  Actually,  the  results  will  be  affected  only  if  the  video  bandwidth  in  small  com¬ 
pared  with  the  I  F  bandwidth 1  o  condition  not  of  tan  found  in  practice?. 

**  One  might  aftk  if  there  would  be  any  advantage  in  having  an  integrator  which  nriihs  the  sun  of 
the  sgtmr«s  of  tho  Af  pulses  ov  perhaps  the  sum  of  some  other  function  of  the  amplitude.  Ac¬ 
tually,  it  can  be  easily  shown  that  this  just  corresponds  to  changing  the  shape  of  the  de¬ 
tector  curve,  and  what  is  being  asked  is,  "Is  any  shape  of  detector  curve  much  superior  to 
the  1  incar  or  square  low  form?'’  Apparently  the  answer  is  no.  There  is  a  “best”  detector 
curve  for  every  different  signal  (strength,  x,  given  by  log  f0(v  VTx)  where  I{}  is  a  modified 
Bessel  function.  No  results  have  been  obtained  for  this  detector  function,  but  it  is  thought 
that  the  maximum  difference  in  range  between  this  and  the  square  law  or  linear  detector  will 
not  exceed  five  percent. 
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envelope  of  Hiu-h  a  spectrum  is  simply  the  familiar  sin  x/x  curve  of  a  single  pulse, 
while  the  actual  curve  has  appreciable  values  only  in  the  neighborhood  of  the  harmon¬ 
ics  of  the  repetition  frequency  (including  dc)*.  The  greater  N  is,  the  more  closely 
the  spectrum  clusters  around  these  harmonics.  Thus,  the  filter  may  be  made  narrower, 
excluding  more  and  more  noise,  but  retaining  most  of  the  signal  energy.  With  such  a 
narrow  band  filter-type  of  integrator  it  is  very  simple  to  subtract  a  noise  pulse 
from  each  signal -pi us-noise  puiae  by  gating  the  receiver  at  a  frequency  double  the 
center  frequency  of  the  filter.  To  prevent  t.he  possibility  of  a  signal  on  every  other 
gate,  the  sweep  length  would  ordinarily  be  held  at  less  than  one-half  of  the  pulse 
repetition  period.  The  simple  electronic  type  of  integrator  h»s  the  disadvantage  of  a 
fixed  integration  time.  If  the  number  of  pulses  returned  from  a  target  is  greater  or 
less  than  the  number  of  pulses  for  which  toe  integrator  is  set,  the  operation  suffers. 
With  the  human  operator,  the  story  is  different.  lie  can  adjust  his  integration  time 
rapidly  to  fit  changing  situations.  This  procedure  could  be  approximated  electroni¬ 
cally  by  the  use  of  two  or  more  successive  integrators  in  series,**  or  by  the  use  of 
so-called  "weighting  circuits."  Such  a  complicated  procedure  does  not  come  within 
the  scope  of  this  report. 


METHOD  OF  OBTAINING  THE  DIAS  LEVEL 

Iiy  means  covered  in  detail*8*!,  in  a  separate  mathematical  report***,  thr  probabi¬ 
lity  that  the  sum  of  N  pulses  of  noise  voltage  alone  will  be  greater  than  an  arbi¬ 
trary  level  y  is  obtained.  This  relation  may  be  symbolically  represented  by 

=  f(y)  <J3) 

whore  y  is  measured  in  units  of  the  rms  value  of  the  noise.  The  number  of  groups  of 
noise  pulses  which  are  observed  in  a  fixed  false  alarm  time,  7/q,  is  then  found. 

When  speaking  of  noise  pulses,  it  is  convenient  t.o  assume  mentally  a  range  gate 
equal  to  the  pulse  length  at  a  fixed  range.  If  the  range  sweep  is  continuous,  such 
as  with  an  A  scope,  the  effective  number  of  independent  noise  pulses  observed  in  one 


*  There  is  a  close  reseirhlonre  between  suck  a  spectrum  and  ine  diffraction  prttern  of  an  Af 
slit  grating  (see  any  standard  text  book  on  physical  optics). 

**  'file  advantage  of  a  multistage  integrator  is  that  if  a  signal  which  is  large  enough  so  that 
the  number  of  pulses  which  need  to  he  integrated  in  order  to  produce  a  detectable  signal 
occur  in  a  time  appreciably  less  than  the  total  integration  time,  one  of  the  sub-stages 
V/i  i  I  tletec  t  the  signal  much  sooner  than  will  the  final  stage. 

0915  It  turns  out  that  the  functions  which  describe  the  probability  that  the  noise  alone,  or  a  tr* 

gi ven  strength  signal  plus  noise  will  have  any  arbitrary  amplitude,  are  quite  complicated 
and  hence  only  some  of  the  results  and  general  procedures  arc  given  in  this  report.  Fur¬ 
thermore,  it  should  he  mentioned  in  passing  that  the  use  of  the  mitral  limit  theorem,  or 

the  so-called  "normal  approximation,”  is  not.  valid  until  the  number  ol  pulses  integrated  is  ! 

of  the  order  of  1000.  This  is  because  the  values  ol  the  distribution  functions  far  out  nn  ■ «.  „ 

the  tails  play  a  major  role  in  the  calculations.  Several  investigators  in  the  past  have  _3  :  j 

made  the  mistake  of  assuming  th^t  the  normal  approximation  was  sat  is  fat  lory  if  ^  were  only  j 

of  the  order  of  10.  * 

i  ■  t 

\  !  r :  : 
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repetition  period  is  given  by  the  length  of  the  sweep  divided  by  the  pulse  length* 
hereafter  (‘ailed  //.  It  is  apparent  that  v  ■  2L/rTp  r  10.HL/-r  where  1.  is  the  sweep 
length  in  miles,  c  ia  the  volocity  of  light,  and  r  is  Lhe  pulse  length  in  micro¬ 
seconds.  In  tlie  special  ease  in  which  the  sweep  occupies  the  total  time  bet  ween  pulses, 
V  r  1/t „/r>  which  is  merely  the  reciprocal  of  the  duty  cycle.  The  time  for  N  pulses 


to  occur  is  A//  ,  The  re  fore 


r.  t  ,  / 

fa  faJ  r 

-  %  groups  are  observed  in  the  time  r 


A//r 


/«’ 


assuming 


only  one  gate  per  sweep.  Since  the  effective  number  of  gates  per  sweep  is  T/,  the  to¬ 
tal  number  of  independent  chances  for  obtaining  a  false  alarm  in  T,  is** 

/o 


n‘ 

A 


T,  j  7 
far 

'  '  A  ' 


(14) 


The  false  alarm  time  is  defined  as  the  time  in  which  the  probability  is  '/?.  that  the 
noise  will  not  exceed  the  bias  level.***  From  (13)  and  (14), 


(15) 


from  which  y,  the  bias  level,  is  obtained. 


PROBABILITY  OF  DETECTING  A  SIGNAL 


i 


Having  established  the  value  of  the  bias  level,  the  probability  that  a  signal 
will  exceed  this  level  in  a  given  time,  namely  the  detection  Limp  rrf,  must  be  calcu¬ 
lated.  The  signal  is  assumed  to  consist  of  A'  integrated  pulses,  lhe  time  of  such  n 
pulse  group  is  N/f^.  The  number  of  such  groups  which  occur  tn  is  given  by 


.  y  _  Vr 

ft  N 


(16) 


As  a  corollary  to  the  previous  definition  of  detection,  it  is  now  assumed  that  the 
signal  is  detected  if  any  one  of  the  y1  groups  of  pulses  exceeds  the  bias  Level.  One 
will  ask,  at  this  stage,  "Why  not  count  exactly  how  many  times  the  signal  exceeds  the 


v  *»  1 


i  ; 

*  If  the  range  gate  is  nwrh  wider  than  the  pulse  length,  the  operation  of  the  integrator  will 
suffer  more  or  less,  depending  on  the  exarc  type  of  integrator  used.  This  ror ’responds 
somewhat  to  the  case  of  an  osei  1  ioscope  where  the  spot  does  not  move  by  at  least  its 
di  ame  te  r  wi  th  1  n  a  pul  si*  ien  jjth  . 

**  Ibis  derivation  assumes  that  the  antenna  is  not  spanning,  Wn  th  u  scanning 
prating  channels  must  he  deposed  in  angular  position  as  well  os  in  time 
(14)  to  hold,  the  number  of  pulses  per  channel  per  scan  must  he  equal  to 
A',  the  number  of  pulses  which  each  channel  integrates. 

This  very  nearly,  though  not  exactly,  corresponds  to  the  earlier  definition  given  on  p,  ? 


antenna,  in  ve¬ 
in  order  for 
or  j’reat  er  than 


*  ** 


bins  level 7"  Tliis  would  in  effort  correspond  to  a  two-stage  integrator.  Such  a  de¬ 
vice  it;  not.  considered  here,  though  it  is  easy  to  moke  an  extension  of  the  present 
theory  to  cover  this  case. 

At  any  range  P,  the  normalized  signal  strength  x  is  obtained  from  Eq.(12).  The 
probability  that  the  signal  plus  noise  will  exceed  any  value  y  for ‘a  single  group  of 
•V  integrated  pulses  is  known  (a:>\  and  may  he  represented  symbolically  as 

P-f(y.x).  (IT) 

The  probability  that,  at  least  one  of  the  y'  groups  will  exceed  the  bias  level  y  is 
then 

=  l-d-p)’1'.  (18) 

Notice  that  •/'  must,  be  an  integer  for  the  analysis  to  be  strictly  correct.  It  will 
be  satisfactory,  however,  if  one  always  requires  y'^-1’. 


EFFECT  OF  ANTENNA  SCANNING 

If  the  antenna  is  scanning,  some  modifications  of  Eq.(16)  for  y‘ ,  the  number  of 
groups  of  pulses  integrated,  will  be  necessary <a4' .  If,  with  a  P  F  1  hype  of  pre-  , 
sentation,  the  antenna  moves  at  an  angular  velocity  u>,  and  the  beam  width  is  B,  then 
the  number  of  pulses  per  target  per  scan  will  be 


and  (16)  is  replaced  by 


N 


s  c 


‘X/ 


T.f 


.Ac 


(19) 


(20) 


where  fsc  is  the  number  of  scans  per  second.  With  a  simple  type  of  electronic  inte¬ 
grator,  /V  must  be  equal  to  or  greater  than  /V  for  Eq.(20)  to  be  valid,  assuming  that 
the  integrator  does  not  hold  over  from  scan  to  scan.  If  the  integrator  does  hold  over 
from  scan  to  scan,  as  an  operator  partially  does,  then  it  is  only  necessary  to  have 
yt  1  as  before.  In  any  case  (20)  only  holds  if 

If  T^/<SC<1>  then  y%  ~  N  /N,  which  must  be  equal  to  or  greater  than  1.* 


*  It  is  always  best  for  y  to  equal  1.  In  this  case  the  integrator  effectively  integrates 
nulses  during  the  wb^le  of  the  detection  time.  y*>\  in  the  case  in  which  the  detection  time 
is  longer  than  the  integration  time.  Here  the  *  'obability  for  detection  is  greater  than  if 
the  detection  time  were  reduced  to  the  integration  time,  but  less  than  it  would  be  i f  the 
integration  time  were  increased  to  equal  the  detection  time.  IVic  case  for  7V1  is  that  one 
in  which  the  number  of  signal  puloco  occuring  are  fewer  then  the  number  for  which  the  inte¬ 
grator  is  set.  In  this  case  the  probability  of  detention  is  reduced  from  the  value  it  would 
have  if  the  integrator  were  set  for  exactly  the  number  o*  signal  pulses  which  occur.  cal¬ 
culate  this  latter  case  would  require  using  /V  to  calculate  the  bias  level  as  in  (15),  but 
the  use  of  some  lesser  value  A  in  obtaining  (17).  This  will  be  done,  but  results  have  not 
been  obtained  as  yet. 
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PRESENTATION  OF  THE  RESULTS 


V. 


II 


The  results  are  presented  in  the  form  of  a  set.  of  curves.  This  is  necessary  be¬ 
cause  of  the  complicated  form  of  the  analytical  solutions.  The  parameters  involved 
in  the  curves  are: 


P  ~  the  probability  of  detecting  a  target  at  range  R. 
the  ratio  ol  the  range  to  the  idealized  range. 


"the  ratio 

rt 

K  T  •  f  .  7] 
f  a  t 

T.  -  the  false  alarm  tin® 
fn 

J  c  the  pulse  repetition  rate 

7)  -  the  number  of  pulse  intervals  per  sweep. 

J  ryf  -A  **'  v 

a  1  s  c  sc  » 

T d  r  tie  detection  time 

/  =  the  scan  frequency 

AJC  -  the  number  of  pulses  per'  scan 

N  -  the  number  of  piulses  integrated. 

A  summary  of  the  range  of  the  variables  for  the  curves  presented  will  be  found 
on  page  21, 


AN  EXAMPLE  WITH  A  QUASI -STATIONARY  TARGET 

A  simple  example  is  now  solved  assuming  a  stationary  target.  The  radar  set  will 
also  be  assumed  to  be  stationary.  The  following  data  are  taken  as  given: 

ai  =  angular'  rate  of  antenna  “  30°/sec.f  j  *  -  1/12 

B  »  beam  width  of  antenna  r  3. O'1 

f  =  pulse  repetition  rate  r  500  per  second 

T  =  pulse  length  •"  1  microsecond 
P 

Rq  b  idealized  range  for  given  target,  and  average  aspect  =  40  niiles 
Tfac  required  false  alarm  time  ■-  5  minutes 
Tj  -  required  detection  time  25  seconds. 


,  i 


1  ., 
k 


*  7}  ~  7yf?/^p  if  the  sweep  occupies  the  total  time  between  pulses. 

**■  fte«*  also  (16),  on<l  the  conditions  on  (20).  ihe  notution  used  on  Figs. I M 54  is  y  -  T  •  / 

d  J  r* 

which  represents  the  special  case  in  which  there  is  no  scanning.  In  general  this  should 
be  replaced  by  T  Td*ftc*Nsc* 


.  f 
/  / 


Type  of  detect  or  -  electronic  integrat  or,  N  *=  50;  sweep  length  =  20  to  80  miles. 
Step  1.  Calculate  N  from  (19) 


(V 


3x500 

30 


-  50 


Step  2.  Calculate  y  from  (20) 


y  -  r.f  N  --  25x— x50  104 

'  a1  s  c  s  c  i  / 


Step. 3.  Calculate  r)  from  r)  =  10.8L/t  where  L  is  the  sweep  length  in  miles  and  t  is 
the  pulse  length  in  microseconds.  1  P 


10. 8x (80 -20) 

7/  -  - i -  ■  ■  648 


Step  4.  Calculate  n  from  (14) 

n  =  T{a.fr.  v  =  (5><60)x500x648  •  0.98x108 

Step  5.  Refer  to  Fig.  23;  n  =  108  and  y  =  100.  Mentally  interpolate  a.  curve  for  A  - 
50  between  N  «  30  and  N  =  100.  This  curve  gives  probability  of  detection  at 
any  /1/ft  ,  ftQ  is  given  as  40  miles.  For  instance,  P  =  0.50  st.  ft/ft  Q  *  1.07  or 
at  ft  -  -?3  miles. 


MOVING  TARGETS  AND/OR  RADAR 


If  there  is  an  appreciable  change  of  range  with  time  between  the  radar  and  the 
target,  a  limit  will  ordinarily  be  set  on  the  number  of  pulses  which  can  he  integrated. 
This  is  because  the  returned  pulses  will  just  fail  to  overlap  when  the  target  lias 
moved  through  a  distance  d  -  t  C/ 2  where  c  is  the  velocity  of  light.  The  effective 
distance  over  which  the  pulses' can  he  assumed  to  contribute  their  full  amplitude  is 
about  Vt  this  value.  If  the  rate  of  change  of  range  is  v,  the  time  available  for  in- 
tegratfon  is 


7  C 

r.  - 
‘  4  v 


The  maximum  number  of  pulses  which  can  he  integrated  in  this  time  is 


A 

m  x 


Jr 


(21) 


(22) 
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This  quantity  /¥  is  the  max  inn  nr  number  of  pulses  that  ran  he  integrated*  provided 
that  it  is  not  greater  than  A  ,  the  mitnher  of  pulses  per  scan.  In  the  case  where 
j^st1  then  A'  is  the  maximum  numher  of  pulses  which  can  be  integrated. 

In  the  case  of  approaching  targets,  one  may  be  concerned  with  the  probability 
that  a  target,  will  he  detected  by  the  time  it  has  reached  a  certain  range.  Assuming 
the  target,  to  have  started  its  approach  at  range  R  ,  the  probability  that  it  will  havp 
bee.n  detected  at  least  once  by  the  time  it  reaches  range  H  is 

p  =  i-n 

W. 


1 


l-P(R) 


(23) 


where  /?  progresses  from  /?t  to  ft  in  units  of  A R.  The  length  of  the  Alt  intervals 
and  the  numher  of  pulser.  integrated  per  interval  are  determined  from  the.  considera¬ 
tions  given  above. 


An  example  follows  in  which  (23)  can  he  reduced  to  a  particularly  simple  form: 
Assume  a  continuously  directed  beam  (no  scan)  and  the  target  moving  toward  the  radar 
with  a  constant  rsiTfit  rs  i?  v.  The  finite  product  in  (23)  may  he  appr'  imated  by 


Joe  11 


1  -l'(H) 


-  Aft  J 


*  Aft  J  (l-P)dH 


7  C 
p 


and  using  A B  =  d  =  — equation  (23)  becomes 


4  " 

.  r-?  J  <i -P)dn 

o  -  .  P  H 

P  -  l~e  « 


(24) 


lhe  integrations  necessary  in  the  solution  of  this  type  of  problem  must  lx*  performed 
numerically,  using'  the  graphical  data  of  figures  1  to  50. 


I  n  prob  1  ems  where  the  antenna  is  scanning,  equation  (23)  may  be  approximated  in 
different  ways  depending  on  the  exact  values  of  the  parameters  involved.  These  are 
rather  simple  to  work  out  in  any  specific  case. 


! 


/ 


i  t 
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*  A  system  could  presunably  be  built  incorporating  one  or  n.ore  velocity  gnt.es.  Such  it  velocity 
gate  would  travel  with  a  given  preset  velocity.  in  this  case,  tbc  relative  velocity  of  the 
turret  to  that  of  the  p.  t  e ,  Wg  ,  can  be  used  in  Kq.(22)  in  place  of  tbe  target  velocity, 
v.  The  greater  the  number  of  velocity  gates  used,  the  greater  will  the  probability  be  that 
tbe  difference  between  the  target  veloeitv  and  some  one  of  the  gates  will  he  very  snail. 
Therefore,  in  this  gate  tile  allowable  value  of  Nme  „  will  be  large,  and  the  probability  of 
detection  in  this  pate  will  be  increased. 

In  nny  mu  1 1  i -channel  receiver,  such  as  this,  the  number  ol  pulse  intervals  per  sweep,  V,  must 
, l  be  multiplied  by  the  number  of  channels  in  calculating  n. 
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EXACT  EFFECT  OF  THE  NUMBER  OF  PULSES  INTEGRATED  ON  THE  RANGE 


One  might  expect  that  for  a  given  n  and  a  given  probability  of  detection,  the 
range  to  the  fourth  power  would  vary  as  A',  as  was  stated  on  page  9.  This  would  be 
true  with  coherent  integration,  but  with  video  integration  the  variation  is  between 
and  N  (assuming  a  threshold  signal).  This  effect  is  due  to  the  so-called  ''modula¬ 
tion  suppression"  of  the  weak  signal  by  the  stronger  noise  in  the  process  of  detection. 

Fig.  55  shows  the  exact  variation  of  the  exponent  of  A,  here  called  6,  as  a 
function  of  N,  and  of  n,  for  P  fixed  at  0.50.  The  effect  of  n  is  seen  to  be  quite 
amail. 

Fig.  56  shows  the  variation  of  the  exponent  of  A  for  an  incremental  change  of  A 
as  a  function  of  A  and  n.  P  is  again  fixed  at  0,50.  in  both  cases,  6  approaches  0.5 
as  N  approaches  infinity;  though  much  more  slowly,  in  the  first  case. 


APPLICATION  OF  RESULTS  TO  CONTINUOUS -WAVE  SYSTEM 


•Though  this  report  is  concerned  primarily  with  pulsed  systems,  the  results  are 
directly  applicable  to  continuous-wave  systems.  To  acconplish  this,  the  following  new 
notation  is  introduced; 


P av  -  the  average  cw  transmitter  power. 

=  the  combined  H  F  and  I  F  bandwidth  of  the  cw  receiver. 

Tj'  -  the  number  of  separate  velocity  channels  incorporated  in  the  receiver.* 


The  change-over  is  then  made  by  means  of  these  substitutions: 


Replace  E 

by  P  /  A  f  in  A 

p 

7  air  cw  o 

Put  y  = 

T  ,  •  A  f 

a  1  cw 

Put  n  = 

r  .  •  A  f  *  7i 
fa  3  cw  ' 

N  is  now  to  be  taken  as  the  number  of  variates  (of  duration  1/  A/  )  which  are  inte- 

cw 

grated  after  detection.** 


*  Ip  both  the*  pulse  and  cw  ana  lysis  it  has  been  assumed  that  the  range  or  velocity  pates  or 
channels  are  fixed  in  position.  In  the  case  where  such  pates  sweep  as  a  function  of  time 
in  order  to  conserve  apparatus  (or  for  any  other  reason),  the  analysis  is  not  strictly 
vr/lid.  A  good  rule-of-thumb  is  that  the  gate  should  move  through  the  amplifier  pass  band 
in  a  time  equal  to  the  reciprocal  of  the  umplifior  pass  band.  In  this  case  the  effective 
visibility  factor  is  about  0,8.  Curves  of  the  visibility  factor  for  other  sweep  speeds  are 
given  in  the  Mathematical  Appendix  (a  separate  report). 

**  Integration  of  /V  variates  before  detection  merely  corresponds  to  narrowing  the  H  Y  (or  I  b) 
bandwidth  by  a  factor  of 

(V 
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A  must  lie  loss  than  y  for  tlie  theory  to  hold.  An  optimum  cw  system  is  one  .in 
which  y  -  1  (7^  ~  1/  A /  ),  tind  A'  =  1.  This  gives  the  greatest  range  for  a  given 
energy  expended  during  the  detection  time,  rrf.  This  corresponds  exactly  to  the  case 
A'  =  1  and  'y  -  \  in  a  pulsed  system.  If  the  number  of  range  channels  7/  in  the  pulsed 
system  is  equal  to  the  number  of  velocity  channels  i‘  in  the  cw  system,  then  the  two 
systems,  with  N  -  1  and  y  =  1,  will  have  identical  ranges  for  the  same  average  power. 

In  either  case,  if  A>1,  a  larger  amount  of  average  power  is  required,  every¬ 
thing  else  remaining  equal.  In  the  pulsed  rase,  reducing  A  necessitates  higher  peak 
powers,  which  may  be  impracticable;  or  it  necessitates  longer  pulse  lengths,  which 
reduces  possible  range-resolution  and  at  the  same  time  aggravates  the  effect  of  a 
fixtja  Doppler  shift  due  to  the  narrowing  of  the  receiver  pass  band.  In  the  cw  case, 
reducing  A  necessitates  a  target  with  ret.  onably  constant  velocity  so  that  the  signal 
will  not  wander  in  and  out  of  the  pass  band  of  the  receiver,  and  also  a  sufficiently 
slow  scan  so  that  each  target  "pulse"  as  at  least  as  long  as  the  reciprocal  of  the 
receiver  pass  hand. 
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